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Abstract. The paper presents a derivation of the consistent tangent operator (CTO) for the 
class of iterative constitutive integration algorithms. The derivation is based on a variational 
analysis of algorithmic equations with respect to the strain dependency of state variables in 
each iteration. Such treatment results in a recursive formulation, where the value of CTO is 
updated based on its old value. The proposed formulation is demonstratively applied to the 
cutting-plane algorithm (CPA), for which it is known that a closed form solution for CTO 
does not exist. 
 
 
1 INTRODUCTION 
A nonlinear boundary value problem in continuum solid mechanics is, nowadays, 
efficiently solved with the finite element method, and an appropriate integration scheme is 
adopted to numerically tackle the given material constitutive behaviour. With reference to the 
latter, a wide class of return-mapping algorithms based on an operator-splitting methodology 
prevails, particularly, in the computational rate-independent plasticity.  
Basically, the operator-splitting methodology follows the additive split of the constitutive 
equations into the elastic predictor part and, when required, the subsequent plastic corrector 
part with the elastically predicted state variables iteratively projected back onto the yield 
surface. Such methods, usually also referred to as elastic predictor-plastic corrector 
algorithms, are classically performed according to the backward-Euler approach. Because of 
the chosen backward-Euler approach, an implicit system of equations is obtained, which is 
classically solved iteratively with the Newton-Raphson algorithm. Alternatively, if the 
operator-splitting methodology is performed according to the forward-Euler approach, the 
corrector part direction is evaluated according to the current state. Such approach results in an 
explicit system of equations which is solved without matrix inversion. Such methods are 
usually referred as the cutting-plane algorithms and are, according to their explicitness, 
simpler to implement into a FEM code and computationally more efficient. If summarizing in 
mathematically more general way, when a newly developed constitutive model is 
implemented into a finite element method program, a time integration scheme for solving the 
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model’s equations must be chosen. This gives a system of equations which is commonly 
solved iteratively with the Newton-Raphson algorithm. Finally, it can be concluded the 
solution strategy roughly remains unchanged regardless of the form of constitutive model. 
Although a general solution method is available in principle, the last challenge due to 
implicit FEM remains – the derivation of consistent tangent operator (CTO). The consistent 
tangent operator is needed to ensure the quadratic convergence of global Newton-Raphson 
algorithm which governs the fulfilment of equilibrium equations. Classically the derivation of 
consistent tangent operator is model dependent and when developing new constitutive model 
special attention must be addressed. 
In this contribution the recursive approach to calculation of the consistent tangent operator 
is presented, where the iterative solution procedure (such as Newton-Raphson algorithm) is 
applied to integrate the constitutive equations. Thus the consistent tangent operator becomes a 
part of iterative solution procedure without additional care needed for its derivation. The 
derivation is based on variational analysis of algorithmic equations with respect to the strain 
dependency of state variables in each iteration. In consequence, the proposed approach results 
in analytically derived recursive formulation of the CTO for a general class of plasticity 
models. An extension to other constitutive models, e.g. viscoplasticity, represents no 
additional effort. 
The approach is applied to a case, where the integration of constitutive equations is done 
iteratively with the cutting-plane algorithm (CPA) [1]. With the proposed approach the CTO 
for CPA was derived for the first time. 
2 CONSTITUTIVE MODELLING OF PLASTICITY RELATED PHENOMENA 
Firstly, let us briefly review governing equations of an incremental theory of plasticity, 
which can be optionally extended or modified to embrace also other phenomena (path 
dependent hardening, damage, path dependency of fracture, etc.) that are observed in solids. 
Such material’s behaviour is mathematically described as a system of differential-algebraic 
equations (DAE): 
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(1)
The quantities Y, , , ,ij ij     represent respectively the yield function, plastic potential, 
stress tensor, strain tensor and yield stress. For consideration of other included phenomena, p
additional state variables are introduced. Variable d  denotes the plastic multiplier.  
It should be emphasized, that the presented system of equations serves for illustration only. 
In fact, the methodology in the sequel is completely general; the only condition is that the 
model is described with DAEs where the driven variable is the strain increment ij . 
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3 ALGORITMIC TREATMENT OF INITIAL VALUE PROBLEM  
The task of an integration scheme applied to the system (1) is to calculate the final stress 
state 1( )ij n   and the other state variables 1 1( , , , )Y s n     that result from the application of 
the prescribed total strain increment ij . The mechanical state ( )ij n , 1( , , , )Y s n    at the 
beginning of the increment is assumed to be known. 
As the problem is nonlinear and requires, in consequence, an iterative solution procedure 
an appropriate initial guess must be chosen. A majority of the applied integration methods 
assume that the algebraic condition in the system (1) is fulfilled at the end of the considered 
increment and the differential equations’ derivatives are approximated according to a chosen 
scheme (e.g. backward-Euler scheme, forward-Euler scheme): 
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Within the system of equations (2) the Voigt notation is used for a description of tensor 
variables. Introducing a vector of unknown state variables  1, , , , ,Y s     TΣ σ  , the 
system (2) can be rewritten in a form (k 1)1( )n

   Ψ f Σ C ε 0 , where C  represents the 
extended stiffness matrix:    
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The solution of a nonlinear system of equations is classically obtained with the application 
of Newton-Raphson root finding algorithm which arises from linearization Ψ 0 : 
(k)(k)
1 11
( )n nn         fΣΛ Ψ f Σ C ε Σ 0
(4)
With the initial state (0)1nΣ  known, the update is in each iteration determined 
as ( 1) ( 1)1 1 1
k k
n n n    Σ Σ Σ , where the correction 1n Σ  is extracted from (4). The iterative 
procedure is repeated until the given convergence criteria are met. 
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5 A RECURSIVE CALCULATION OF THE CONSISTENT TANGENT 
OPERATOR 
To derive the CTO, an analytical expression for 1
1
n
n




Σ
ε  must be found. Considering the strain 
update 1n n       and consequently 1d dn    , it can also be expressed as 1n nΣε . The 
CTO will be calculated consecutively over all iterations with a recursive expression. For a 
derivation of the CTO we consider, in order to properly establish functional relations for a 
differentiation with respect toε , that in the system of equations (4) the expressions Λ  
depend on (k)1 1,n n Σ Σ  and ε , whereas the value C  is independent of ε ; thus, 
 (k)1 1, ,n n  Λ Λ Σ Σ ε . Considering that d Λ 0  the following recursive expression is 
obtained: 
   (k 1) (k)1(k) (k 1) (k)1 11 1 1 ,n nn n n                  
Σ Σ fJ C J J Jε ε Σ

(5)
Observation of the final result reveals some favourable properties. From the structure it can 
be noticed, that there is no presence of second order derivatives, in fact, all quantities have 
already been used in the solution procedure determined with (4). Consequently, once the 
integration scheme is implemented, the CTO implementation is straightforward. 
In the next section the derived approach will be applied to the cutting-plane algorithm for 
which it is known, that a closed form solution of CTO cannot be derived [2-5].  For this 
reason the proposed approach offers an attractive alternative solution [1].  
6 NUMERICAL VALIDATION WITH APPLICATION TO CUTTING-PLANE 
ALGORITHM 
6.1 Cutting-plane algorithm 
Plasticity models, defined as a system of differential-algebraic equations (1), are, due to 
structure, split into two phases – the elastic trial and the plastic correction. The elastic trial is 
made firstly 
  Σ C ε (6) 
where, according to the structure of  C , a projection of the stress state nσ  into the trial stress 
state tr 1n n   σ σ σ  is made. All other variables retain their values. Because at the end of the 
elastic trial a step “beyond” the yield surface is made, a projection back onto the yield surface 
must be found. As the entire strain increment ε  was already applied, it remains for the 
plastic correction phase to convert a portion of the elastic strain into the plastic one, since in 
the correction phase the relation e p   ε ε 0  must hold. The starting point for the plastic 
correction phase is the “trial” point, which is reached at the end of the elastic trial. According 
to the basic concept of CPA, returning to the yield surface 1 0n   is performed iteratively 
over several “cuts”. The described geometrical interpretation arises from the fact, that the 
algebraic condition in (1) is linearized around the current state ( )1
k
nΣ   in each (k)-th iteration 
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( )( 1) ( ) ( )
1 1 1
0kk k kn n n         Σ Σ=
(7)
Because an explicit solution can be obtained as the final result and matrix inversion in 
equation (4) avoided, the algebraic condition in (7) is treated separately from the remainder of 
the differential evolution equations. Introducing for the state variables the notation 
   1, , , , , ,Y s       T TΣ ς σ  ,  and discretizing the differential equations according to 
the forward-Euler scheme yields 
 Y( ) ( )1 , : , ,k kn               Tκσς R R C (8)
Considering, that equation (7) is independent of  , it can be also expressed as 
( )( 1) ( ) ( )
1 1 1
0
kk k k
n n n
        ς ς= .  From this equation, when considering (8), the correction of 
the plastic multiplier    can be explicitly extracted 
( )
1
( ) ( )
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k
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k k
nn
  
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 
ς R
(9)
and the state is correspondingly updated in each iteration 
 ( 1) ( ) ( ) ( 1) ( 1) (k 1)1 1 1 1 1, ,k k k k kn n n n n              Tς ς R Σ ς (10)
Equations (9) and (10) are iteratively repeated until the convergence criteria are met.  
6.2 Consistent tangent operator for cutting-plane algorithm 
For the CPA it is known, that it is simple to implement due to its explicit nature. On the 
other hand the literature [2-5] indicates a lack of derivation of the consistent tangent as its 
major shortcoming. In this section the methodology derived in section 5 will be applied.  
Integration with CPA is within a current n-th increment subdivided into two steps, elastic 
trial and iterative plastic correction. Because the elastic trial state is reached in the first step, it 
is obvious, that the starting value for CTO will be 
(0)
1n 
Σ Cε
 .
(11)
In the second step iterative plastic correction defined with equations (7) and (8) is applied. 
For the purpose of derivation we define: 
( )( ) ( )
1 1 1
( 1) ( ) ( )
2 1 1 1
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kk k
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k k k
n n n

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ς ς
Λ ς ς R 0
= + (12)
which can be equivalently expressed as  1 2,  TΛ Λ 0 .  From the algorithm it is 
recognized, that quantities ( 1) ( ) ( ) ( )1 1 1, , ,
k k k k
n n n   ς ς R  depend on ε , thus, 
 ( 1) ( ) ( ) ( )1 1 1, , , ,k k k kn n n     Λ Λ ς ς R ε . By considering that d Λ 0 , the following recursive 
expression is obtained:
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which yields the recursive expression of the consistent tangent operator in the stacked form: 
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6.3 Numerical example – combined torsional and uniaxial loading of a circular notched 
specimen 
In order to show efficiency of the proposed recursive approach, a combined torsional and 
uniaxial loading of a circular notched specimen is considered. A 5mm-thick sheet metal 
cylinder with notch detail, as shown in Figure 1a, is on both ends loaded in such a way that a 
combination of torsion and uniaxial loading conditions is imposed. The rotation ( )t  and 
displacement ( )u t  are applied at the nodes connected through the kinematic coupling on each 
end of the cylinder. To take the influence of given loading conditions and resulting loading 
path on the convergence of global equilibrium solution scheme into account, the loadings are 
applied as shown in Figure 1b. The elastic-plastic material response is modelled with the 
simple von Mises model and rather complex YLD2004-18p model [7,8]. As shown in Figures 
1c and 1d the equivalent plastic strain of 1.30 is achieved at the end of the loading process in 
the case of the von Mises model, and approximately 1.20 in case of the YLD2004-18p model.  
Figure 1: Combined loading of notched cylinder—a) schematic view of model; b) prescribed loading; c) 
equivalent plastic strain distribution for von Mises model; d) equivalent plastic strain distribution for YLD2004-
18p model. 
891
Bojan Starman, Miroslav Halilovič, Marko Vrh and Boris Štok. 
For the purpose of comparison of the effectiveness of the proposed approach, the derived 
recursive formulation of consistent operator applied to CPA is compared with the default 
ABAQUS/Standard. The number of iterations needed to achieve the global equilibrium in 
each load increment is presented in Figure 2. Figure 2a corresponds to the ABAQUS/Standard 
default algorithm, Figure 2b to the CPA with the derived CTO. In the case when the CTO is 
not available for the implemented numerical algorithm, the continuum tangent can be used. 
Figure 2c presents such a case, when continuum tangent operator is utilized in conjunction 
with the CPA. 
Figure 2: Convergence behaviour for simulation of loading of notched cylinder (von Mises model)—a) 
ABAQUS/Standard default; b) CPA with CTO; c) CPA with continuum tangent operator. 
ABAQUS/Standard default integration scheme and CPA with CTO exhibit similar 
computational behaviour regarding the number both of load increments and iterations. 
Similarities can be also observed in the convergence of global equilibrium solution scheme in 
each load increment even though load increments change its size or loading direction. On the 
other side, CPA with continuum tangent operator exhibits much smaller efficiency not only 
from the viewpoint of iterations needed to achieve global equilibrium in each increment, but 
also from the viewpoint of increment size as an index of simulation’s progression. The latter 
is a consequence of the poor convergence behaviour which disables equilibrium solution 
procedure to increase the increment size. The number of all iterations needed during the 
problem analysis, when the CPA with the CTO is used, is approximately only one third of the 
number of iterations exhibited when the CPA with continuum tangent operator is used. 
A larger difference in the computational efficiency of the CPA with CTO and CPA with 
continuum tangent operator can be observed on a more nontrivial constitutive model, as for 
example YLD2004-18p model. As shown in Figure 3, the number of all equilibrium iterations 
is again decreased for more than 70%. 
Figure 3: Convergence behaviour for simulation of loading of notched cylinder (YLD2004-18p model)—a) 
CPA with CTO; b) CPA with continuum tangent operator. 
892
Bojan Starman, Miroslav Halilovič, Marko Vrh and Boris Štok. 
7 CONCLUSION 
In this contribution, where the iterative solution procedure is applied to integrate the 
constitutive equations, the recursive approach to calculation of the consistent tangent operator 
is presented. The derivation is based on variational analysis of algorithmic equations with 
respect to the strain dependency of state variables in each iteration. In consequence, the 
proposed approach results in the analytically derived recursive formulation of the CTO. 
As an illustrative example the methodology has been applied to the CPA. For the CPA the 
literature reports that a closed form solution cannot be obtained, and from that reason a 
continuum tangent operator is used, which leads however to the loss of quadratic convergence 
in a global Newton-Raphson’s iterative loop. Motivated by this apparent obstacle we present 
an analytical derivation of the CTO which leads to an explicit recursive expression. In each 
iteration of the CPA procedure, the current value of the CTO must be updated, yielding at the 
end the final value of the CTO when the CPA is converged. 
The approach has been verified by considering the mechanical response of combined 
loading of a notched cylinder. Corresponding computer simulations have been performed 
using material behaviour that obeys the von Mises and YLD2004-18p models, respectively. 
The considered material models have been implemented into ABAQUS/Standard via the 
UMAT material subroutine. The correctness and computational efficiency of the developed 
CTO algorithm is proved by accuracy and computational performance comparison with 
ABAQUS/Standard default, where possible, and by a comparison with the simulation results 
obtained when using the continuum tangent operator. The low number of iterations in the 
global iteration loop indirectly confirms the correctness of the presented CTO derivation and 
its implementation into the FEM code. 
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